IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The volume of causal diamonds, asymptotically de Sitter space-times and irreversibility

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
JHEP02(2009)022
(http://iopscience.iop.org/1126-6708/2009/02/022)

The Table of Contents and more related content is available

Download details:
IP Address: 80.92.225.132
The article was downloaded on 03/04/2010 at 10:43

Please note that terms and conditions apply.



http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/1126-6708/2009/02
http://iopscience.iop.org/1126-6708/2009/02/022/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY IOP PUBLISHING FOR SISSA

RECEIVED: December 24, 2008
ACCEPTED: January 21, 2009
PUBLISHED: February 9, 2009

The volume of causal diamonds, asymptotically de
Sitter space-times and irreversibility

Sergey N. Solodukhin
Laboratoire de Mathématiques et Physique Théorique CNRS-UMR 6083,

Université de Tours,
Parc de Grandmont, 37200 Tours, France
E-mail: golodukh@lmpt .univ-tours.fy

ABSTRACT: In this note we prove that the volume of a causal diamond associated with
an inertial observer in asymptotically de Sitter 4-dimensional space-time is monotonically
increasing function of cosmological time. The asymptotic value of the volume is that of
in maximally symmetric de Sitter space-time. The monotonic property of the volume is
checked in two cases: in vacuum and in the presence of a massless scalar field. In vacuum,
the volume flow (with respect to cosmological time) asymptotically vanishes if and only
if future space-like infinity is 3-manifold of constant curvature. The volume flow thus
represents irreversibility of asymptotic evolution in spacetimes with positive cosmological
constant.
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1. Introduction

In this paper we continue the study of geometry of causal diamonds initiated in [f] and [g].
The focus of the present study is the irreversible behavior of the volume of a causal diamond
in space-times asymptotic to de Sitter space. The causal diamonds play an important
role in various recent classical and quantum investigations of cosmologies with positive
cosmological constant (see [§ and [[] and references therein). In fact, the diamond appears
rather naturally as the region accessible for experiments made by a hypothetical observer
moving along a time-like geodesic. Imagine an observer that makes experiments by sending
the light rays and detecting the signals that come back and has only a finite duration time
7 for his/her experiments. Then the region of space-time that can be probed by this type
of experiments is exactly the causal diamond associated with the observer. Geometrically,
as was demonstrated in [[[] and [B], the volume of a causal diamond encodes information
on the curvature of the space-time. Moreover, this information is inherently irreversible:
the differences of the space-time geometry inside the diamond from de Sitter geometry
inevitably disappear as cosmological time progresses.

There are several indications in the literature that the cosmological evolution with
positive cosmological constant is irreversible. The most straightforward way is to associate!

T thank G. Gibbons for suggesting this point.



this to the irreversible growth of the cosmological horizon [[]. The entropy associated to
the horizon is then non-decreasing in agreement with the laws of thermodynamics.

In a different development one considers a dual holographic description of de Sitter
space-time in terms of a conformal field theory (CFT) [f] defined on a space-like boundary
of the space-time. From the point of view of quantum CFT it is natural to define a
function (known as C-function) which changes monotonically along the RG trajectories.
In the dual description such a C-function is defined in terms of the space-time metric and
its derivatives. One then shows that, under suitable energy conditions one has to impose
on matter fields, the C-function changes monotonically with cosmological time [f].

In the present paper we suggest yet another manifestation of the irreversible cosmo-
logical evolution. We show that the volume of a causal diamond grows monotonically with
cosmological time. The maximal value it approaches at future space-like infinity is that of
volume in maximally symmetric de Sitter space-time.

2. The result

We consider an observer that follows a timelike geodesic + in metric which is not exactly
but only asymptotically de-Sitter, in the limit that his/her own proper time ¢, — co. We
shall study the volume V (7, t,) of the causal diamond I*(p) N1~ (q) where p and q lie on v
in the limit when both ¢,, ¢, — oo while 7 = t, — ¢, is kept fixed. Thus both points p and
q tend to future spacelike infinity Z+ while the duration of the diamond 7 is kept fixed.
The entire diamond is in the asymptotic region and the volume of the diamond depends
on the asymptotic geometry. In the limit when ¢, — oo the point g on the geodesic
approaches the point g of intersection of geodesic v and the future space-like infinity Z+.
The asymptotic metric in 4d geodesic coordinates takes the form

ds® = —dt* + eztgi(?)dwidxj , (2.1)

where ¢ is the cosmological time and gi(](-)) (x) is an arbitrary 3d metric defined on future
infinity of the 4-dimensional asymptotically de Sitter space-time. We skip the subleading
terms, defined as a series in powers of e, in (R.I]). Throughout the paper we set the de
Sitter radius [ = 1.

A special role is played by the maximally symmetric de Sitter space-time.? This space-
time is characterized by the fact that, in global coordinates, the future infinity Z+ is 3d
round sphere S3,

dsig = —dt* + cosh?(t) (dx? + sin® x(d6? + sin® 0d¢?)) . (2.2)

There are however two other forms of the metric in the coordinates which cover only a part
of the space-time

dsis = —dt* + exp(2t) (dx* + x*(d0° + sin® 0de?)) (2.3)

2Below we call it “pure de Sitter space-time”.



and
dsig = —dt* + sinh?(t) (dx? + sinh? x(d6? + sin® 0d¢?)) . (2.4)

g—]) on asymptotic boundary is of constant curvature and it

satisfies condition Rg-)) = %QE?)R(O).

manifold of constant curvature at future infinity are globally identical to pure de Sitter

In all three cases the metric g

Notice that not all 4d metrics which approach 3d

space-time.
The expansion of the volume V' (7,t,) in powers of e~' is then a expansion in curvature

of 3-dimensional Euclidean metric gi(](-)) defined on ZT at point g™
_ 0 _
V(7,tq) = ao(7) + aa(7)Rioye ™2 + (ea(r)V2Rig) + aa (1) (R + ba (1) RSy ) €=, (2.5)

where the curvature is taken at point ¢*. There are no combinations of curvature which
are odd in derivatives. This explains why the coefficients in front of odd powers of et
in (B.§) vanish.

One can easily get some constraints on the coefficients in (R.H). If the spacetime is
the pure de Sitter spacetime, then the volume of the causal diamond does not depend on
where this diamond is located. This is a direct consequence of the large symmetry group
in de Sitter space-time. It follows that the volume V4g(7,t,) does not depend on t,. The
direct calculation performed for metric in any form (R.2), (B.3) or (R.4) gives

4 T o T
Vas(r, ty) = v(r) = 3™ (2 In cosh 5~ tanh 5) . (2.6)
In this case all terms in the expansion (P-J) except the first should vanish. For metric (.3)
the spacelike infinity Z is 3-sphere with curvature joq) = 29@()9)7 R(g) = 6. Thus, we get that
ag(1) = v(7), ax(1) =0, ba(r) = —1/3a4(7) , (2.7)

where v(7) is the volume of the diamond in pure de Sitter spacetime. That coefficient as(7)
identically vanishes was checked explicitly in [J]. Thus we have that

V(rty) =v(r) + <C4(T)V2R(O) + ay(7) <(R§§>)2 - %Rﬁ»)) ety . (28)

The functions a4(7) and ¢4(7) can not be determined from general arguments and one has
to perform a direct calculation.

We use in Z* the Riemann coordinates centered at point g™ and directly compute

the volume. The calculation shows that c4(7) = 0 identically and that as4(7) = —w(7) is
entirely negative function of 7,

1 2
V(T tq) = v(r) — w(r) <R§;?> - ggi(?)R(O)> et 4 (2.9)

Thus, the cosmological evolution defines a volume flow of a causal diamond so that the
volume is monotonically increasing function of cosmological time. The asymptotic value of



the volume is that of in pure de Sitter spacetime. Moreover, the flow vanishes (to leading
order) if future infinity Z* is 3-manifold of constant curvature.

In the presence of 4d matter the monotonic behavior of the volume of a causal diamond
persists although the deviations from the pure de Sitter result show up already in the
second order in e~fa. This is also obvious from the analysis similar to (B.§): one can use
the asymptotic values of the matter fields to construct new invariants that may appear in
the expansion of the volume together with the curvature invariants. For a massless scalar
field which takes value ¢g(x) on ZT the asymptotic expansion of the volume takes the form

V(r,t,) = v(1) — (2nGN)e(T) (Vo) 2e 2 ..., (2.10)

where Gy is 4d Newton’s constant, ¢(7) is positive function of 7 and (V)2 = g%) 0900 0.
Below we present a mathematical proof of (R.9) and (B.10).

3. Asymptotic metric and the Riemann coordinates

We choose a time coordinate n = e~¢, n > 0, n = 0 at future infinity. Note that we are
using a convention in which 7 is positive and decreases towards future timelike infinity Z7.

The asymptotic expansion of cosmological 4-metric with positive cosmological constant
was first considered by Starobinsky [ff]. It goes similarly to the expansion in asymptotically
anti-de Sitter case, see [§—[[(] for more detail on the anti-de Sitter case. The analytic
continuation to the de Sitter case was considered in [[I], [[4] and [f]. The 4-dimensional
metric takes the form

1 o
ds? = ? (—dn2 —|—gij(:n,17)d:1:’dx]) ,

g(@.n) = ¢ @) + gP @) + ¢ (@)’ + gD @t + . (3.1)
where {z'} are coordinates on Z*. The coefficients in the decomposition (B.1]) satisfy
relations [f]]

g = RY — TROGO g —o, vig

(3) _ g _Llp o
b g i V=0, TrgW = ZTrg(Q) , (3.2)

]
where the covariant derivatives and trace are determined with respect to metric gg-]) ()
defined on 3-surface ZT.

Now on the surface ZT we choose the Riemann coordinates {z'} such that z* = 0
correspond to point ¢7. Locally, around point ¢, it is more convenient to use the “spherical
coordinates” (r,0%) on I+,

=), i=1,2 3 n@O)nO) =1, (3.3)

where {0% a = 1,2} are the angle coordinates on So. We then develop a double expansion
of metric both in powers of 1 and r? = 2z

0 0,0 0,2 0,3 0,4
ggj) = ggj ) +g§j )2 +g§j )p3 +g§j PSR

9@ = g0 4 gy @22
9(3) — 9(370) + 9(371)7‘ + e,

FONPSCE) (3.4)



where we keep terms up to 4th order in the total power of  and r. In the Riemann
coordinates we have that [[LJ]

0,0

g =0y, (3:5)
0,2 1 k, n

gz(j ) = _gRikjnn n,

0,3 k. n 1

g,(j ) = _ERikjn,ln n'n .,

9(974) =\ - iRik indm T 7% R ? Rijmyp | n"n"n'n™
i 20 Jmn, 45 kin Jmp ’
2,0 1

g = (Rij - 1 10i3)

1
gﬁ’” = Vi(Rij — ZRQij)nk ;

1 1 1 1 1 .
91(92 Y = < ViVn <R ZRgiJ) - ngkm (Rpj - ZRQPJ) - ngkjn (Rm‘ - ZRgPi> ) "

Expanding (B.2) in powers of r we get the relations

1
Trg®0 = TrgBY =0, Trg®0 = ZTrg(ZQ’O) ) (3.6)

4. The future and past light-cones

We choose the point ¢ to have coordinates (n = ¢€,0,0,0) and point p to have coordinates
(n =N +¢€,0,0,0), where N = €(e” — 1) and 7 is the geodesic distance between points p
and ¢, € = e la.

In coordinates (n,7,6%) the equation which determines the past light-cone I “(q), r=
r4(n), 0% = const is

dry(n) 1 i g
= ; nn = Gij\ T, n'n , T =€) = . 4.1
i — ¢ gij(z,n) +(n=¢) (4.1)

We find that

1 2 3 4 3
— = 1—%(95340)+g$zl)r+gﬁiz2)r2)— %(gﬁm J+gBbr)— %953{04877 (950 + ..

(k,p) (k,p)

where we introduced notations gny, = = g; J n‘n/. The solution of equation ([.1]) including
the terms up to 5th order takes the form

3 (2 1) (4,0) (3,1)
R X)) g"" E 4 Gnn” Gnm T 3 2042).5

773 2,0 2 (2,2 774 3,1 2,2
—5 (05" — el )+692n))—§(g§m)+g§m) eg's) — 2e95?)
5 3
—717—0<9%2)+9£n)+9(31) 4(g£3;°))2>+--- : (4.2)



Similarly, the equation that determines the light-cone I (p), r =r_(n), 0% = const

dr—(n) 1
= — , —-mM=N+¢)=0 . 4.3
a — ( ) (4.3)

Introducing € = N + ¢ we have that

_ 3,0 2,1 2,2 4,0 3,1
639(2 0) gr(m )+97(1n ) E4 . gr(m )+97(1n ) gﬁm ) . 3 (9(2 0)) €5
67" 8 24 60 10 40 407"

r—(n) =é—n-—
77 2 2,1 2 (2,2 774 2,1 3,1 2,2
+g(92n0)+69( D+ @90 + g 0" — oY + el — 2007

3
+;7O (gﬁm)Jrg(“) gt = (9" > o (4.4)

Two light-cones, I (p) and I~ (q), intersect at

n="mn.= E +e— 19£%O)N2<E —|-€> —1—0(64) . (4.5)
2 8 2
5. The volume

The volume of the causal diamond It (p) NI~ (q) is

Ne 7‘+(?7) N+e r— (77
V(E,T):/ </ @/ det g —I—/ dn/ det ) , (5.1)
4
So e M Jo B

where [ s, 18 the integral over spherical angles {6 a = 1,2}. With the usual choice of

angles [g = Jy dfsin6 fozﬂ do
Then we get for the past light-cone of point ¢

r+(n) 1
/ dr 7“2\/(16'59:5(77—5)34‘5;"'5?4‘5; ’ (52)
0

where the exact form of the coefficients S;' , Sg' is given in appendix A. The coefficient S;r
takes the form

4
SE= nin"e-n)"", (5.3)
n=0

where h", n =0,1,2,3,4 are presented in appendix A.

n

For the future light-cone of point p we have that

r—(n) 1
/ dr r2\/detg:g(E—n)3+S5_+S6_+S7_ . (5.4)
0

The exact form of S5 and S5 can be found in appendix A. Using exact expressions of
appendix A we notice a property

55_(67 77) = —S;(G =6 77) . (55)



For the term S, we find
4
Sy = hn"E-m)"", (5.6)
n=0

where h,, n =0,1,2,3,4 are given by relation ({A.1¢). Using the S integrals calculated
in appendix B, we get for the integrated quantities

/ -0, (5.7)
Sa
B 5C

W=—-=4=,
/52 8 3 48

. 40 B

h2 - — — — 9
S 45 3

B A
[ueie 2id
S 144 6 120

/h+_ 1138 227C A
S

0= "3150 " 37800 ' 280
where we introduced A = 7V?R, B = 7TR22]-, C = rR?.
We notice that since f Sy g,(f;gl) = 0 one has a relation

/h;:—/ ht, n=0,1,2,3,4 . (5.8)
Sa2 Sa2

Now we are in a position to calculate the volume of the causal diamond. We focus on the
term proportional to e* since all other terms, proportional to €? and €3 vanish. First, we

neglect the modification ([.§) and assume that two light-cones intersect at 7. = % +e. We
then get

Nie d N+-e d 4
2
p :/ —ZS?(WH/N Do (em) = 3 b L (K)et (5.9)
€ N 2 Te N n=0
where
K T—n 1 1
I(K) = 1 dr(1 — ) e (r aK) (5.10)

and we introduced K = % +1= L;l There are useful relations between functions I,,(K)

_ 6
B() =~ i) - I
I(K) = ~2(K) |
L(K) = —%IO(K) . (5.11)



Now we can take into account the modification ([L.H) of the intersection point of the two
light cones,

N 1
Ne = 5 Tet Anc, Anc - _§9£L%LO)K(K - 1)263 . (5‘12)

We get the contribution to the volume due to this modification

Ntetne g n—eP  (e—n)P 1
- [ / 4 e Leoni oty e
5 3 32
(K

__1\6
= _Z/s (gy(LGo)) 71)644—0(65) . (5.13)

The total volume then

6
@ _ @ (4 _ 4 2(K - 1) 4 In(K — 3B 14
1% Vi’ +V, € ( Rz T T o(K) ) (C—-3B) . (5.14)

Notice that terms proportional to A = V2R cancel each other. It is crucial for estab-
lishing the monotonic behavior of the volume because the term V2R is not sign-definite.
On the other hand, one has that

(C —3B) = n(~3(RY)? + R2)) = —3r (R( ) R(O) (0))

e"+1
2

The integral Iy(K) is calculated explicitly. Since K =

2(K —1)8 4 1
( (135K2) + s oK )> =50

— 2 (1 tann” - L ann? T tannt T 512t nh2 6 L 5 Lom
a 2 15 2 osh4% cosh? Z

4 4
—2<1—|—tanh%> In <1—|—tanh ) (1 tanh — ) In <1—tanhg>> . (5.15)

The function w(7) is positive and rapidly growing with 7. Finally, we get for the volume

of the causal diamond
o _Loo,0)
V(T7 tq) = U(T) - w(T) (Rij - gR(O)gij > 6_4tq , (5.16)
where v(7) is the volume in maximally symmetric de Sitter spacetime. Thus, we get that

dV (r,t,) © 1.0 (0 ?
So that the volume of the causal diamond monotonically grows. The derivative (5.17)
vanishes if curvature of Z% satisfies relation (RE;-)) = %R(O) gi(](-))). By Bianchi identities this
implies that R©) = const so that ZT is 3-manifold of constant curvature in this case.



6. Coupling to massless scalar field

In the presence of matter fields the behavior (b.16)) changes in that the correction term to
the pure de Sitter result appears now at a different power of e~*. In order to illustrate this
point we consider a massless scalar field described by the field equation
1
VG

where G, is 4-metric. The Einstein equations take the form

(VGG d,¢) =0 | (6.1)

Ry = 3G, + 87GN 0, 60,6 . (6.2)

For the 4-metric in the form (B.]), introducing a coordinate p = n?, the Einstein equations
reduce to a system of equations [[[(]

p[29" =299~ '+ Tx (97" g")g'lij+ Rij(9)— (d—2)gi; —Tr (97 "¢ )gij = 8nGNDidD;¢
ViTr (g7'g') = VVgj; = 87GND,00i0

1
Tr (gg") — 5 Tr (97197 'd) = 167GNnD,00,0, (6.3)

where differentiation with respect to p is denoted with a prime, V; is the covariant derivative
constructed from the metric g, and R;;(g) is the Ricci tensor of g.
The asymptotic expansion for the scalar field and the 4-metric reads

d(px) = 0 (@) + P (@)p+... | (6.4)
9is(p.2) = 91y (@) + 9 (@)p + ..
Inserting this into the first equation in (6.3) we find that
2 0o 1 (@ L g
ggj) _ <R§j) _ ZgZ(J)R(O)) — 87Gy <8i¢(°)8j¢(°) _ Zg(g])am@)aj(p(o)) (6.6)
and, hence, for the trace
Trg® = iR@) - 27TGNgEé)8i¢(O)0j¢(O) . (6.7)

Before computing the volume of the causal diamond we notice that all our expressions
obtained in the previous section and in appendix A and that operate with coefficients in
the expansion (B-4) and do not refer to the precise form of the coefficients are also valid
in the case when the bulk gravity couples to matter. We also note that regardless to the
precise form of the coefficient gi(?) we have that

1
| a0 =5 [ et (6.8)
SQ SZ

The volume can be computed in the same way as in the previous section. The only
difference is that now the term of order €? does not identically vanish. We get that

%+e N+e
V(r,tg) = v(7) +/S (/ %Sgr(e,n) + /N+ %55_(6, 77)) +... . (6.9)

2



Inserting here the exact expressions for S; and Sy we arrive at the expression

1 1 1
V(T,e):v(T)+<§/ g;%;0>J1(T)+<E/ Trg(O’Q)—E/ gg%f))JQ(T)) e+... ,(6.10)
Sa Sa Sa

where we introduced functions

J(T)—/Kdzn(x—1)4 LI N (6.11)
R 23 (r—2K)3 '
and

J()—/Kdgn(a;—l)5 i—i—# (6.12)

A7) = 1 x (z—2K)*) )
where K = 6724' L We note a relation between two functions

5
Jo(T) = §J1(T) . (6.13)

(0,2)
ij

/ Trg®? = —4—7TR(0) ;
Sa

47 (1
/ gz0 = ?(ZR(O) - 27TGN(V(0)¢(0))2> : (6.14)
Sa

Taking into account that g = —%Rikjnnkn” we find

where all quantities are calculated at point g™ on ZT.
Thus, we obtain for the volume

Vi t,) = o(r) - i—?JI(T)(szN)(v(O)qs(O))26—% o (6.15)

The function Jj(7) is positive and rapidly growing with ,

J()—T—6+T—7+ﬂ8+0(9) <1 (6.16)
W= 390 320 T 17920 T T '

1
Ji(T) = <Z7 —61n2>62T - geT +0(1), >1 (6.17)

Clearly, the volume (.15) is monotonically growing. It reaches asymptotically the maximal
value that is the volume of the diamond in pure de Sitter space-time. The volume flow (.15)
vanishes everywhere in ZT if and only if the scalar field takes a constant asymptotic value
(25(0) onZ+.

7. Two conjectures

It is reasonable to ask whether the volume of a causal diamond is globally monotonic or,
rather, it is monotonic only asymptotically. It is known [[3] (see also [[4]) that there exists
a small perturbation of pure de Sitter space-time that does not change the global structure

— 10 —



of the space-time. It makes a small deformation of past and future infinities Z= and Z7.
Near the past infinity our analysis is valid by replacing ¢t by —t. So that the volume is
monotonically decreasing near Z—. Thus in a space-time which is globally asymptotically
de Sitter, to the past and future, Z~ and Z*, the volume of a causal diamond is not globally
monotonic. On the other hand, a positive energy distribution generically causes a formation
of a initial singularity. The space-time near the past infinity is then no more asymptotically
de Sitter. We expect that in space-times of this type the volume of the diamond is globally
monotonic as a manifestation of the irreversibility of the cosmological evolution with a
positive cosmological constant. A detail analysis, however, is yet to be done.

Irrespective of whether or not the volume is globally monotonic it is reasonable to
expect that the volume of a diamond in pure de Sitter space-time is the absolute max-
imum among all possible asymptotically de Sitter space-times. Thus we formulate two
conjectures:

1. The volume of a causal diamond in pure de Sitter space-time is the absolute mazimum
in the class of vacuum asymptotically de Sitter metrics

V(r,tg) < Vas(T) . (7.1)

2. The bound ([I1) is saturated for all diamonds of same duration T if and only if the
space-time is pure de Sitter space-time.

A more work is needed to check these statements.

It should be noted that the assumption of an asymptotically de Sitter space-time at
t — oo is crucial for all results obtained in the paper. The only known generic alternative
behaviour is recollapse with the subsequent formation of a singularity. We do not expect
the volume of a diamond to be monotonic in this scenario although a detail analysis is
needed in order to specify the time evolution of the volume.
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A. Volume coefficients

Using the decomposition

2 3 4
1
vdetg =1+ %Tr g2 +%Tr g0 ¢ 7GETr g0 ¢ 5772(Tr g0 40Ty gD 42Ty g(2’2))

1 rt
+§(T2Tr 902 | 2Ty g20)2 _ ZTr (902 4(02))

r2n2 4
_ 2?7 Tr (02)g(20)) — %Tr (g0 g0y 4+ (A.1)

we get
r4+(n) 1
/ dr 1?\/detg = <(n— " + S5 + S + 57 . (#.2)
0

— 11 -



where

1 1
S5 = g(Tr g3 — 36202 (n — ) + Zg{Zn(n — ¢)*

2
1 1
4 0,2 1 (20 Y
+<10Trg GInn )(n €)
(3,0) (2,1) (2,1)
+ _ _Ym 300 3 G 3 30, TGN 50
5 =~ —of 4 (- 2 S0+ TE e - o
(2,1) (3,0) (2,1)
_ 9nn . gnn Trg _\5
—i—( 3 5 + 1 >6(77 €)
Tr oD Ty q03) 1(1?30) §L2n,1)
8 12 8 8

For the coefficient S& we get a representation

4

(A.4)

(A.6)

(A7)

S = ningte—n)""
n=0
ht = Lga0 _2cenpe  Lmq eoe Leog eo Ly o eo,
hi = —2(923;0))2 + igffﬁo’Tr g0 + g0 — igﬁfﬁl)
1 7 1 1 1
Bt = 22Oy 02 _ L2032 _ 2 22) o 2y 0(02) 200y _ Ly 2.0y 0(0,2)
1 1 1
ey 6o 1 eop o _L ey
tg9ni t G+ 59 1T 19

1 13 1 1 1
+ 2 20y 402 _ 22,202 | 1 22) o 140 _ 2 31)
hl 4gnn g 24 (gnn ) + 12-gnn + 2gnn 8gnn

37 1 1
+_ 90 o2 - Ly 0232 1 2y (02),(0.2)
ho 250 nn )" = za(Trg™7)" + 52 Tr (g7 g™7)
(4,0)
1 1 g 1 1
A g0 L ey I L oy 02) 2 (31)
1t + 60 9nn + 10 + 199nn 119 40 9nn
For the future cone of point p we have that
r—(n) ) 1 5
/0 dr r \/detgzg(é—n) +S5 + S5 + 57
_ 1 _ 1 _
S5 = —5(Trg®® =395 n*(n — &) — 59" n(n — &)*
1 1 _
(e - a2 ) n - o
(3,0) (2,1) (2,1)
+ _ O9nn 3 3 _ gnn § (3,0) Trg 2/ 4
Sg = =€ 6)+< Ty T g Je =9
(2,1) (3,0) (2,1)
gnn 9nn Tl"g ’ _ _
+<— s Tt >e(n—e)5
i Trg(z’l) n Tr 9(0’3) g%o) _ gr(zzril) (n — 6)6
8 12 8 8
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(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)



Clearly, we have a property
S5 (&) = =S5 (e=¢&n) .
For the term S, we find
4
Sy = han"E-m)"",
n=0

where we have a relation

hy = —hy |

hy = —hi — %gﬁﬁz” :
hy = —hi — %953;1) :
hi = —hi - 3953;1) :
hy = —hi = o0l

Since fs2 9237;1) = 0 we have that

/h;:—/ ht, n=0,1,2, 3, 4
Sa Sa

B. Spherical integrals

Calculating integrals over spherical angle coordinates we use that
/ nind = éw&“ ,
Ss 3
/ nindnknl — iﬂ(dijékl + oikgil 4 gilgiky
S5 15

We use the fact that in three dimensions
1

Rijkn = 9ikPjn + ginPik — gjkLin — ginPji, Pij = Rij — —gij R .

4

We then get, introducing A = 7V2R, B = 7R?,, C = nR?,

150
/ g =0,
SZ
/ g = 1£ :
S5 0
/ gaon — B3¢
g, mm 3 48

/ (g20)2 — 8B _3C
g, Jnm 15 20 °
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(A.14)

(A.15)

(A.16)

(A.17)



T g0)
(

) -
20)y (02)

n

X
Sa
X
Sa
[ gy
Sa

/ Tr 9(2,0) Tr g(o,z)
Sa

/ Ty gD Ty (02
Sa

/ Tr g(>2)
Sa
/ Trg(0’4)
Sa

Tr (9% g*0)
Sa

Tr (930 ¢*9) =
Sa

/ Tr (9?9 *?) =
Sa
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